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Wing Drag Prediction and Decomposition

D. D. Chao∗ and C. P. van Dam†

University of California, Davis, Davis, California 95616

A wake integration methodology to predict the aerodynamic characteristics of three-dimensional wings in viscous
subsonic and transonic flows is presented. Results indicate that wake integration is viable as a method of drag
prediction and, compared to surface integration, has the added benefit of being able to provide a decomposition
of the total drag into its physical components of profile, induced, and wave drag for a wing in viscous, transonic
flow. Future work will involve using wake integration on postprocess flows about more complex configurations for
which this study provides a sound basic framework.

Nomenclature
b = wing span
c = root chord (reference length)
H = total enthalpy
h = enthalpy
M∞ = freestream Mach number
n = normal vector
p = pressure
q = velocity magnitude
R = universal gas constant
r = position vector
s = entropy
T = temperature
[T] = stress tensor
U∞ = freestream velocity
u∗ = friction velocity
V = velocity vector
x, y, z = Cartesian coordinates
y+ = local Reynolds number, yu∗/ν
α = angle of attack
αi = induced angle of attack
� = total circulation
� = wing sweep angle
ν = kinematic viscosity
ξ = x component of vorticity
ρ = density
τ = viscous stress
ψ = stream function

Subscripts

LE = leading edge
TE = trailing edge
∞ = freestream conditions

Introduction

T HE aerodynamic drag of a transport aircraft flying at transonic
speeds can be separated into viscous (or profile) drag, induced

drag, and wave drag. Viscous drag consists of skin friction and form

Received 18 July 2004; presented as Paper 2004-5074 at the AIAA Ap-
plied Aero Conference, Providence, RI, 16–19 August 2004; revision re-
ceived 1 April 2005; accepted for publication 4 April 2005. Copyright c©
2005 by D. D. Chao and C. P. van Dam. Published by the American Institute
of Aeronautics and Astronautics, Inc., with permission. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0021-8669/06 $10.00 in
correspondence with the CCC.

∗Graduate Student Researcher, Department of Mechanical and Aeronau-
tical Engineering; currently Aerodynamics Engineer, Cessna Aircraft Com-
pany, Wichita, KS.

†Professor, Department of Mechanical and Aeronautical Engineering,
One Shields Avenue; cpvandam@ucdavis.edu. Senior Member AIAA.

drag and is generated through the action of viscosity within the
boundary layer. Induced drag is the result of the shedding of vorticity
that accompanies the production of lift. Wave drag arises from the
radiation of energy away from the aircraft in the form of pressure
waves. Accurate prediction of drag during the various stages of the
development process of an aircraft is of importance to the efficiency
of this process as well as to the economic success of the aircraft.
Additionally, knowledge about the physical components of the drag
is of importance to the prediction of scale effects on aircraft drag.

The most common technique to calculate the drag of an airfoil,
wing, or complete configuration is based on the integration of the
pressure and the shear stress acting on the surface of the configura-
tion. An alternative to calculating aerodynamic forces by means of
surface integration is to compute the forces around a far-field sur-
face enclosing the body, a technique known as far-field integration.
The advantage of this technique is that the shear-stress contribution
can be neglected if the control surface is located outside the viscous
layer; however, an additional term (momentum flux) must be in-
cluded in the analysis. A second alternative drag-prediction method
is the wake integration technique, which is based on the principle
that the aerodynamic drag of a configuration can be obtained from
pressure and momentum information in the wake at some distance
downstream of the configuration. The main advantage of this tech-
nique is that the integration is straightforward and does not require
detailed information on the surface geometry of the configuration.
It also allows for the decomposition of the drag into its physical
components: viscous drag, induced drag, and wave drag.

Both the far-field and wake integration techniques are closely re-
lated to the surface integration technique and all three techniques are
derived from momentum integral theory. One of the earliest studies
on the subject of computational fluid dynamics (CFD)-based drag
prediction was by Yu et al,1 who explored the three different drag
prediction techniques for several two- and three-dimensional con-
figurations. Also Slooff and van der Vooren2,3 as well as Lock4,5

have published several insightful papers on CFD-based drag pre-
diction. Recently the wake integration technique was successfully
applied to the prediction of lift, induced drag, and wave drag of
three-dimensional wings in subsonic and transonic flows based on
CFD solutions.6−13 However, most of these studies have been lim-
ited to flows governed by the Euler equations. On the experimental
side, a good example illustrating the usefulness of wake integration
to determine the effect of configuration modifications on drag and
its physical components as part of a wind-tunnel experiment is pre-
sented by Kusunose et al.14 The present goal is to apply the wake in-
tegration technique to numerical solutions of the three-dimensional
Reynolds-averaged Navier–Stokes (RANS) equations for complex
configurations.

This paper summarizes the research that has been conducted to
attain that ultimate goal and is a continuance of previous studies of
two-dimensional drag prediction.15 The accuracy and consistency of
wake integration was first validated through two-dimensional case
studies of two single-element airfoils in subsonic and transonic vis-
cous flows.15,16 The viability of decomposing the drag using wake
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Fig. 1 Control volume used in derivation of aerodynamic forces.

integration was also ascertained in those studies. For this paper,
results for three-dimensional, inviscid and viscous flows are pre-
sented using a semispan wing with a NACA 0012 profile. Both
subsonic and transonic flow conditions are included. This study
provides a sound framework for future work involving geometries
and grids of ever-increasing complexity.

Force Evaluation Methods
The fundamental formula for the total aerodynamic force acting

on a configuration is derived by applying the conservation law of
momentum to the control volume enclosing the entire configuration,
as shown in Fig. 1. Neglecting body forces, the resulting equation is∫

S

[[T] : n − ρV(V · n)] dS = 0 (1)

where S represents the entire control surface, n = nx î + ny ĵ + nz k̂
represents the outward unit vector normal to S, ρ represents the fluid
density, and V = u î + vĵ + wk̂ represents the velocity vector.

The tensor product [T] : n contains contributions from the pres-
sure p and the viscous stress τ . The aerodynamic drag, defined as
the force in the freestream direction imposed by the fluid on the
configuration, is

D = −
∫

Sbody

[−pnx + τxx nx + τxyny + τxznz] dS (2)

or

D =
∫

Sfar

[−pnx + τxx nx + τxyny + τxznz − ρu(V · n)] dS (3)

where the freestream velocity vector is aligned with the x axis
(Fig. 1). Equations (2) and (3) represent the surface, or near-field,
and far-field expressions for the drag, respectively. To correct for
any mass conservation error in the flowfield, the far-field expression
can be evaluated as follows:

D =
∫

Sfar

[−pnx + τxx nx + τxyny

+ τxznz − ρ(u − U∞)(V · n)] dS (4)

where U∞ represents the freestream velocity. The exit-plane expres-
sion for the drag can be derived from Eq. (4) by moving the inlet
and side faces to infinity. The resulting expression is

D =
∫

Sexit

[(p∞ − p) + τxx − ρu(u − U∞)] dS (5)

where Sexit is normal to the freestream velocity vector, which again
is aligned with the x axis.

Equations (2), (4), and (5), presented here in their most gen-
eral form, provide three fundamental integrals for the evaluation

of the aerodynamic drag. Note that these three expressions should
predict an identical drag value for any given flowfield. However,
as a result of problems encountered in the numerical integration
of these expressions as well as various errors and limitations con-
tained in the discrete nature of numerical flow solutions, the drag
values may differ substantially. Surface integration is used because
it is the most common form of drag evaluation and corresponds
to the force-balance method used in experimental force measure-
ments. The far-field formulation is similar to the surface integration
except with the additional advantage of specifying the integration
surface without necessarily having to follow the geometric details
of the configuration. The viscous stresses can also be neglected if
the far-field integration surface is selected far enough away from the
configuration. In this paper, however, the far-field formulation is not
evaluated because it similarly offers no exceptional insights into the
sources of drag production compared to surface integration and is
less commonly applied. The exit-plane formulation is used because
one main objective is to evaluate the accuracy and consistency of
the wake analysis method, and this methodology corresponds to the
wake-traverse method that is being increasingly used in experimen-
tal force calculations.

Assuming that the contribution of the τxx viscous stress in the
wake is negligible (see Ref. 13 for a detailed discussion of this
assumption), Eq. (5) can be expressed in terms of the gradients of
the flow variables on the exit plane Sexit. Introducing the position
vector r = y ĵ + zk̂ and noting that all flow variables approach their
freestream values at the edge of the infinite plane, it can be shown
that

D = 1

2

∫∫
Sexit

[(r · ∇)(p + ρu2)] dS (6)

In this gradient form it is possible to decompose the drag into
its physical components. Using the magnitude of the velocity
vector, q2 = V · V, and the combined first and second laws of
thermodynamics,∇p = ρ∇h − ρT ∇s, Eq. (6) can be written as
follows:

D = 1

2

∫∫
Sexit

{
r ·

[
ρ∇

(
h + 1

2
q2

)
− ρT ∇s

− 1

2
ρ∇(v2 + w2 − u2) + u2∇ρ

]}
dS (7)

The first term in Eq. (7) involves the total enthalpy term,
H = h + 1

2
q2. To a close approximation the expression for the drag

can now be written as13

D = −ρ∞

∫∫
Swake


H + p∞
R

∫∫
Swake


s dS + ρ∞
2

∫∫
Swake

(ψξ) dS (8)

where the variable ψ is a scalar function for the crossflow velocities
and ξ is the x component of the vorticity vector as proposed by
Maskell.17 Equation (8) represents the wake-integral formulation of
the drag. Limiting application to configurations with the propulsion
system switched off and with adiabatic surfaces, the contribution
of the first integral in Eq. (8) becomes negligible and the resultant
well-known expression for the drag is

D = p∞
R

∫∫
Swake


s dS + ρ∞
2

∫∫
Swake

(ψξ) dS (9)

where the first integral represents the sum of the viscous drag and the
wave drag, and the second integral represents the induced drag. The
former integral should be evaluated across the shocks to obtain only
the wave-drag contribution. A second reason to limit this integration
to the flow region containing the shocks is to minimize the influence
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of spurious entropy (present in most if not all flowfield simulations
based on the Euler or Navier–Stokes equations) on the wave drag.
The second integral represents the vortex or induced drag, which
accompanies flows over wings of finite span. The benefit of this
formulation is that both integrals need only be integrated across the
wake region and not the entire exit plane. Another benefit is that
the mechanisms by which the total drag may be decomposed can be
readily seen and understood.

The lift can also be evaluated using the two techniques of sur-
face integration and wake integration. For surface integration, the
formulation is given by

L = −
∫

Sbody

[−pnz + τzx nx + τzyny + τzznz] dS (10)

Using Maskell’s17 formulation, the lift can also be evaluated from
the wake area and the final form is presented here:

L = ρ∞U∞

∫
Swake

yξ dS (11)

As stated before, although wake integration and surface integration
should ideally produce the same values for lift and drag, numerical
approximations may render the actual results quite differently.

Numerical Implementation
For the analysis, a postprocessor incorporating the wake integral

method for lift and drag has been developed. Three-dimensional
surface integration is performed using the FOMOCO toolset as de-
scribed under the OVERFLOW solver in the next section.18,19 For
wake integration, the x location for a wake plane downstream of
the configuration is first specified. The y and z coordinates are then
distributed across this integration plane such that the points cluster
near the wing tip to adequately capture the vortex core in this region.
The advantage is that any type of integration plane can be specified
without being limited to the grid type used for the original solution.
Trilinear interpolation is used to interpolate the primitive variables
from surrounding grid points onto the wake integration plane.

Flow Solver and Grid Generator
Computations were conducted with OVERFLOW, a three-

dimensional compressible RANS flow solver developed by Buning
et al. at NASA.18 Steady and time-accurate solutions can be calcu-
lated on structured block or Chimera overset grids. OVERFLOW
includes several turbulence models and incorporates various nu-
merical schemes developed from previous research codes such as
ARC2D20 as well as other earlier flow solvers. Various zero-, one-,
and two-equation turbulence models are available in OVERFLOW.
However, because the objective of this study is not a comparison
of the different turbulence models but a comparison of drag pre-
diction techniques, the Spalart–Allmaras model21 was selected and
used throughout the three-dimensional study. Another feature of
OVERFLOW is the inclusion of a low-Mach preconditioning algo-
rithm for improved convergence and solution quality at low Mach
numbers.22 The necessity of this feature will be detailed in the re-
sults section, but its integration into this flow solver simplifies the
accurate comparison of its effects, because only this parameter and
nothing else need be varied for the same flow conditions.

OVERFLOW also comes with the postprocessing FOMOCO
toolset.19 This toolset calculates the lift and drag coefficients us-
ing surface integration and is composed of two programs, MIXSUR
and OVERINT. MIXSUR processes the original overset mesh con-
figuration and forms body surface grids as specified by the user.
Integration of values is then performed using the OVERINT pro-
gram to calculate all surface forces and moments.

For this study, a single C-H grid is used to cover a semispan wing
(Fig. 2). For the inviscid cases, in both the leading-edge and the
trailing-edge regions, the initial circumferential grid spacings are set
at 1 × 10−4, and the initial wall spacing is set at 1 × 10−4. Final mesh
size is approximately 3 million grid points. For the viscous cases,

Fig. 2 Sample grid for baseline NACA 0012 wing.

the initial circumferential spacings remain at 1 × 10−4 for both the
leading-edge and the trailing-edge regions. Wall spacing, however,
is reduced to 1 × 10−6 for y+ < 1. Final mesh size is on the order of
6 million grid points. For all cases, the far field is located approxi-
mately 50 root chords away, and the angle of attack is set at α = 4.

Baseline Wing
For the wing, a NACA 0012 profile is used. The taper ratio is 0.5

with the root chord representing the reference length. The straight
trailing edge is unswept and the leading edge is allowed to sweep
as necessary to meet the linear taper. The nominal span is 5.25,
resulting in a wing aspect ratio of 7. This span value does not include
the rounded wing cap and so the actual span is slightly greater. For all
subsonic cases, the freestream Mach number is 0.25 with a Reynolds
number of 1.0 × 106. For the transonic cases, the Reynolds number
remains unchanged, but the freestream Mach number is increased
to 0.73 for both the inviscid case as well as for the viscous case. Full
turbulence is specified for the viscous cases to avoid boundary-layer
transition issues.

Results and Discussion
For all cases, the OVERFLOW solution is run in steady-state

mode with central differencing on the right-hand side and ARC3D
three-factor block tridiagonal scheme on the left-hand side.18

Second- and fourth-order dissipation values are kept at 0.0 and 0.02,
respectively, for the subsonic cases and 2.0 and 0.04, respectively, for
the transonic cases.18 Solutions are deemed converged when resid-
uals are reduced to effectively machine zero, and the surface lift and
drag coefficients are converged to within ±0.0001 and ±0.00001
(±0.1 drag count), respectively.

Inviscid Flow
For the inviscid subsonic case, lift as calculated from surface

integration gives a coefficient value of 0.350. Using a wake analysis
position one root chord aft of the wing, wake integration gives a
lift coefficient of 0.352. These two values compare very well with
each other. For the transonic case, surface integration predicts a
lift coefficient of 0.462, and wake integration predicts 0.463. These
values indicate that lift prediction is consistent between the two
lift-prediction methods.

Establishing the position of the wake integration plane one root
chord downstream of the wing as opposed to five or ten chords was
done to emulate likely wind-tunnel conditions. In most wind-tunnel
experiments, the wake traverse is conducted close to the configura-
tion because space in the test section tends to be limited. Also, wake
positions of less than one root chord are not used because the viscous
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Fig. 3 Consistency of lift coefficient downstream of wing for inviscid
flow cases.

term τxx is not accounted for in the final wake integral formulation
used here and in experimental wake studies, and effects in the near
wake are not well resolved using the thin-layer approximation in the
numerical flow solution. Another reason (discussed in more detail
later) is that, under the influence of viscosity (numerical as well
as physical), induced drag slowly decreases with increasing down-
stream distance and this decrease in drag is balanced by a gradual
increase in entropy drag. Selecting a wake position of one root chord
aft of the wing preserves the nominal value of the induced drag.

The lift development downstream from the wing for the subsonic
and transonic cases is depicted in Fig. 3. For all three conditions, the
lift is nearly constant downstream of the wing, as expected. For the
subsonic flow (M∞ = 0.25), a separate case using low-Mach pre-
conditioning is also analyzed for comparison. The lift behavior with
preconditioning is slightly more consistent than lift development
without preconditioning, but nothing indicates that preconditioning
is necessary under these low-Mach-number conditions.

The drag coefficients for the subsonic case are 0.0058 from sur-
face integration and 0.0056 from wake integration based, again, on a
wake analysis position of one root chord downstream of the wing. As
an additional comparison, the drag using Eq. (5) (exit-plane integral)
is calculated to be 0.0050. These drag values are fairly consistent
except for the exit-plane formulation, which underpredicts the drag.
The latter formulation is expected to underpredict the drag because
the integral should be evaluated over the entire, infinite exit plane,
whereas the computational domain is limited to about 100 by 50
root chords.

For the transonic case, surface integration predicts a drag coef-
ficient of 0.0170, wake integration a value of 0.0176, and the exit-
plane formulation a drag coefficient value of 0.0170. Again, these
are fairly consistent results, except that the wake integral formula-
tion overpredicts the drag. This is likely due to the contribution of a
certain amount of spurious entropy. This influence will be discussed
later when the tabulated results are summarized.

Drag development in the wake is illustrated in Figs. 4 and 5 for the
subsonic case and in Fig. 6 for the transonic case. For the subsonic
case (see Fig. 4), the total drag does not remain constant moving
downstream. In fact, the total drag drops by some 10 drag counts
from the near wake to the far wake. This discrepancy was judged to
be too large to be due to loss of grid resolution marching away from
the wing. Analysis of the wake revealed that the crossflow velocity
components are an order of magnitude less than the freestream Mach
number. These crossflow components dissipated further marching
downstream of the wing. To resolve this, the low-Mach precondi-
tioning algorithm in OVERFLOW was switched on, and its effect
on the wake drag can be observed in Fig. 5. Clearly, the low-Mach
preconditioning has greatly improved the consistency of the drag.
The total drag is now nearly constant as expected except for the
very near wake. As a further check, drag from integrating the exit
plane as calculated using Eq. (5) is also evaluated for this case. Ex-

Fig. 4 Consistency of wake integration downstream of wing for invis-
cid, subsonic flow without low-Mach preconditioning (M∞ = 0.25).

Fig. 5 Consistency of wake integration downstream of wing for invis-
cid, subsonic flow with low-Mach preconditioning (M∞ = 0.25).

Fig. 6 Consistency of wake integration downstream of wing for invis-
cid, transonic flow (M∞ = 0.73).

cept for the very near wake, this integral produces drag values that
are consistently lower than wake integration [Eq. (9)] by some six
drag counts but otherwise follow the same trend. The largest effect
from preconditioning can be seen in the wake behavior of the in-
duced drag. With low-Mach preconditioning, there is still a gradual
decrease in the induced drag, which is expected, but the rate of de-
crease is noticeably less severe compared to the same case without
preconditioning. This is consistent with the preceding observation
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that the crossflow kinetic energy was dissipating too quickly without
low-Mach preconditioning.

Figures 4 and 5 point toward surveying the drag development
in the wake as an additional indication of the need for utilizing
low-Mach preconditioning. This is especially important because a
freestream Mach number of 0.25 usually does not trigger much
concern about low-Mach effects on solution convergence and accu-
racy. Typically, such concerns only come to the fore when the Mach
number drops to 0.15 or lower. By only analyzing surface data, the
results do not disprove the conventional acceptance. Residuals and
lift and drag from surface integration can appear to indicate that the
solution is converged, but wake analysis can prove the flowfield is
still not fully developed.

For the very near wake, the noticeable dip in the wake total drag
in Fig. 5 compared to Fig. 4 is due to the inclusion of a higher-order
term in the drag calculations. This was done because this should
provide better consistency between drag values calculated from the
exit-plane integral [Eq. (5)] and from wake integration [Eq. (9)].
This is because, in deriving Eq. (9), certain higher-order terms are
parsed from the full equation given by Eq. (5) and then commonly
neglected. Research in two-dimensional wake integral drag predic-
tion suggests these higher-order terms can be quite significant es-
pecially in the very near wake.16 Including this higher-order term,
the wake total integration is now given by

D = p∞
R

∫∫
Swake


s dS + ρ∞
2

∫∫
Swake

(ψξ) dS

− ρ∞
2

(
1 − M2

∞
) ∫ ∫

Swake

(
u)2 dS (12)

and this equation will be used for all further wake integral drag
calculations. The inclusion or exclusion of the higher-order term
does not impact the drag consistency in the far wake, because the
higher-order term reduces to zero marching away from the wing.
Thus, the improved consistency of the drag shown in Fig. 5 is solely
due to preconditioning.

For the inviscid transonic case (Fig. 6), the total drag from both
wake integral and wake total integration is nearly constant down-
stream of the wing. Just as for the subsonic case, drag from exit-plane
integration compared to wake integration is lower, differing by up
to 10 drag counts in the far wake, but shows better consistency in
the near wake. Again, the total drag from wake integration shows a
noticeable dip in the near wake.

As is more clearly illustrated here, use of numerical viscosity has
the effect of converting trailing vorticity into entropy. Consequently,
as the induced drag decreases, the entropy drag increases, but the
total drag essentially remains the same except for the very near field
and the very far field. Poorer grid resolution relative to the near
field (due to increasingly larger, stretched cells with higher, skewed
aspect ratios marching away from the wing) results in the generation
of more false entropy in the far field. This, as well as effects from
real entropy due to shock formation, likely accounts for the gradual
increase in the total drag downstream of the wing.

Figure 7 depicts the spanwise load distribution for the wing in
transonic flow compared to the ideal elliptical load distribution.
According to linear lifting-line theory, the elliptical load distribution
is ideal because it produces the minimum amount of induced drag for
a planar wing. The area under this curve is always unity, facilitating
the comparison of the various load distributions with the elliptic
loading. Both the spanwise load distribution for the wing using the
baseline or reference wing geometry values (without the wing cap)
and the distribution using the true geometry values (including the
wing cap) show a slight spike near the tip. This spike is the result
of trailing wake roll-up. This effect is not modeled in lifting-line
theory, and, hence, there is a discrepancy near the tip. Both curves
agree well with the elliptic distribution, which is indicative of the
fact that the induced drag should be near minimum.

For the inviscid cases, the lift and drag values are summarized
in Tables 1 and 2. Because no experimental data exist for this spe-

Table 1 Inviscid results for NACA 0012 wing

Subsonic, Transonic,
Evaluation method M∞ = 0.25 M∞ = 0.73

Lift: surface, Eq. (10) 0.350 0.462
Lift: wake, Eq. (11) 0.352 0.463
Drag: surface, Eq. (2) 0.0058 0.0170
Drag: exit, Eq. (5) 0.0050 0.0170
Drag: wake, Eq. (9) 0.0056 0.0176

Induced 0.0052 0.0093
Wake entropy 0.0004 0.0083

Drag: induced, Eq. (13) 0.0057 0.0095
Drag: wave n/a 0.0080

Table 2 Effects of low-Mach preconditioning on inviscid,
subsonic test case (M∞ = 0.25)

No low-M With low-M
Evaluation method preconditiong preconditiong

lift: surface, Eq. (10) 0.350 0.349
Lift: wake, Eq. (11) 0.352 0.350
Drag: surface, Eq. (2) 0.0058 0.0056
Drag: exit, Eq. (5) 0.0050 0.0052
Drag: wake, Eq. (9) 0.0056 0.0056

Induced 0.0052 0.0053
Wake entropy 0.0004 0.0003

Drag: induced, Eq. (13) 0.0057 0.0056

Fig. 7 Spanwise load distribution based on surface integration for in-
viscid transonic case (M∞ = 0.73).

cific wing configuration, these results only evaluate the consistency
between the surface integral predictions and the wake integral pre-
dictions. All wake values are evaluated one root chord aft of the
wing. For the lift coefficient, excellent agreement is achieved be-
tween surface integration and wake integration for both cases. For
the drag coefficient, overall results are very good. For the subsonic
case, surface integration and wake total integration [using Eq. (9)]
predict almost the same drag value, differing by two drag counts.
As a further check for consistency, drag from exit-plane integration
[using Eq. (5)] is also used. Although this formulation underpredicts
the drag by about six to eight drag counts compared to both surface
integration and wake integration, this is still a fairly good result.
For the induced drag, linear theory (Prandtl’s lifting-line theory)
is also applied and compared to the numerical wake prediction. In
this case, the induced drag is evaluated based on the spanwise load
distribution as illustrated in Fig. 7. The induced drag equation from
lifting-line theory is given as

Di = ρ∞U∞

∫ b/2

−b/2

�(y0)αi (y0) dy0 (13)
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where � is the sectional circulation, b is the wing span, and αi is the
local induced angle of attack given by

αi (y0) = − 1

4πU∞

∫ b/2

−b/2

d�(y)/dy

y0 − y
dy (14)

Caution should be exercised when comparing theory to the numer-
ical data, because the theory is a linear simplification of the actual
flow. In cases where flow separation or strong spanwise flow exists
on the wing, linear theory breaks down. However, the cases studied
here exhibit neither condition. Linear theory overpredicts the in-
duced drag by about five drag counts compared to wake integration.
However, the linear theory value is essentially the same as the wake
total integration value. For this inviscid, subsonic case, ideally, the
total drag is only due to the induced drag. However, some false en-
tropy is inevitably generated under these conditions because of the
need for artificial viscosity to stabilize the solution. This artificial
viscosity also has the effect of converting some trailing vorticity
into entropy. Thus, comparing the induced drag from linear theory
to the total wake integration value is not inconsistent.

For the transonic case, excellent agreement is achieved between
surface integration and wake integration. Wake integration overpre-
dicts the drag by about six drag counts. This is likely due to the fact
that, for this case, a real shock exists producing real entropy, which
necessitates an increase in the numerical viscosity. This, however,
tends to increase the amount of false entropy generated in the wake
as well.

Ideally, in the wake, the entropy should only be due to that gen-
erated by the shock. By isolating the shock, the wave drag can be
calculated. This wave drag value is three drag counts lower than
that obtained from integrating the wake entropy. This indicates that
a small amount of spurious entropy is generated and captured by
the wake integral technique. Also, a small amount of spurious en-
tropy could be contaminating the wave-drag calculations as well,
although this would be difficult to quantify. Adding this wave-drag
value to the wake-induced drag results in a total drag value of 173
drag counts, which is slightly more consistent with both surface
integration and wake integration. For the induced drag, linear the-
ory calculates a value two drag counts higher than wake-induced
integration. These results indicate that wake integration is fairly
consistent with surface integration. These results also indicate that
wake integration can be viably used to decompose the total drag
into its physical components.

Table 2 shows the effects of low-Mach preconditioning on the
subsonic case using the same wake station for the wake analysis
techniques. Compared to the same case before with no precondi-
tioning applied, the effects are rather subtle. For a Mach number
of 0.25, preconditioning is usually not mandated and the results in
Table 2 support this assumption. Convergence and accuracy at this
Mach number are not commonly noted problem issues, especially
when looking only at the surface data. However, only through ex-
amination of the wake behavior as shown in Figs. 4 and 5 does it
become clear that preconditioning is necessary to fully converge the
wake to the proper state.

Viscous Flow
For the viscous, subsonic case (see Table 3), the lift coefficient

calculated from surface integration is 0.323 compared to 0.325 from
wake integration. For the transonic case, surface integration predicts
a lift coefficient of 0.413 compared to 0.416 from wake integration.
Again, similar to the inviscid cases, the lift values are very consistent
between the two lift prediction formulations.

Figure 8 charts the lift development in the wake downstream of
the wing. All three cases exhibit great consistency throughout the
wake. For the two subsonic cases, low-Mach preconditioning has
negligible effect on the lift.

From Table 3, for the drag coefficient values, surface integration
predicts a coefficient of 0.0150 for the subsonic case and 0.0242
for the transonic case. Wake integration predicts 0.0152 for the sub-
sonic case and 0.0246 for the transonic case. Exit-plane integration
calculates a drag coefficient of 0.0148 for the subsonic case and a

Table 3 Viscous results for NACA 0012 wing

Subsonic, Transonic,
Evaluation method M∞ = 0.25 M∞ = 0.73

Lift: surface, Eq. (10) 0.323 0.413
Lift: wake, Eq. (11) 0.325 0.416
Drag: surface, Eq. (2) 0.0150 0.0242
Drag: exit, Eq. (5) 0.0148 0.0243
Drag: wake, Eq. (12) 0.0152 0.0246

Induced 0.0045 0.0075
Wake entropy 0.0107 0.0171

Drag: induced, Eq. (13) 0.0046 0.0074
Drag: wave n/a 0.0055

Fig. 8 Consistency of lift coefficient downstream of wing for viscous
flow cases.

Fig. 9 Consistency of wake integration downstream of wing for vis-
cous, subsonic flow without low-Mach preconditioning (M∞ = 0.25).

coefficient of 0.0243 for the transonic case. For both the subsonic
and transonic cases, these drag values are in very close agreement.

The consistency of the drag development downstream of the wing
can be observed from Figs. 9 and 10 for the subsonic case and
from Fig. 11 for the transonic case. For the subsonic case without
low-Mach preconditioning (Fig. 9), the consistency of the drag as
calculated from wake integration and exit-plane integration is fairly
good out to a far-field distance of approximately 20 root chords aft
of the wing. From there, the drag increases as calculated from both
formulations.

For the same case but with low-Mach preconditioning, an im-
provement to the consistency of the drag, especially in the far field,
can be readily observed (Fig. 10). The drag is now fairly constant out
to approximately 30 root chords aft of the wing before increasing
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Fig. 10 Consistency of wake integration downstream of wing for vis-
cous, subsonic flow with low-Mach preconditioning (M∞ = 0.25).

Fig. 11 Consistency of wake integration downstream of wing for vis-
cous, transonic flow (M∞ = 0.73).

steadily. The main effect of preconditioning is seen in the entropy,
which is consistently lower at every wake station compared to the
case without preconditioning. Even for the near field, the consis-
tency of the drag has been further improved. From this, although
preconditioning is arguably not necessary for the viscous subsonic
case, it clearly does offer benefits to wake analysis techniques.

For the transonic wake drag shown in Fig. 11, again good con-
sistency is maintained out to a far field of approximately 20 root
chords before increasing. In general, the same trends observed for
the preceding cases apply here as well. For this case, agreement
between wake integration and exit-plane integration is excellent.
What is especially noteworthy for this case is the excellent agree-
ment between wake integration drag and exit-plane integration drag
in the very near wake. This appears to indicate that the flow solver
might be optimized overall for viscous transonic flow, and deviations
from this condition may introduce simplifications and approxima-
tions that result in discrepancies in the near field. As stated before,
a higher-order drag term has been included in these calculations.
Without this term, discrepancies in drag between wake integral and
exit-plane integration would be significantly larger.

For all the viscous cases, the lift and drag values are summa-
rized in Tables 3 and 4. Again the comparison only evaluates the
consistency between the prediction methods. For the lift coefficient,
surface integration and wake integration show excellent agreement
for both cases. For the drag coefficient, just as for the inviscid cases,
overall results are very good. For the subsonic case, good agreement
is obtained between surface integration and both wake integration
formulations. Using linear theory, the induced-drag values match up

Table 4 Effects of low-Mach preconditioning on viscous,
subsonic test case (M∞ = 0.25)

No low-M With low-M
Evaluation method preconditioning preconditioning

Lift: surface, Eq. (10) 0.323 0.322
Lift: wake, Eq. (11) 0.325 0.324
Drag: surface, Eq. (2) 0.0150 0.0150
Drag: exit, Eq. (5) 0.0148 0.0150
Drag: wake, Eq. (12) 0.0152 0.0153

Induced 0.0045 0.0046
Wake entropy 0.0107 0.0107

Drag: induced, Eq. (13) 0.0046 0.0045

quite well. For the transonic case, better consistency is seen between
the two wake integration formulations than with surface integration,
but the results are still acceptable. Again, for the induced drag, great
consistency is maintained between wake integration and linear the-
ory. Because the flow is viscous, the wake entropy contains entropy
generated from real viscosity as well as from any shocks; thus, the
wake entropy drag now contains both viscous drag and wave drag.

However, as was done for the inviscid transonic case, the shock is
still isolated using a parameter based on the pressure gradient similar
to the one developed by Paparone and Tognaccini.12 This parameter
acts as a limiter to isolate the “inviscid” portion of the shock. En-
tropy generated from viscosity is orders of magnitude larger than
the entropy generated from the shock; thus, even minor contamina-
tion from viscous entropy can greatly skew the wave-drag results.
However, the complete shock extends into the boundary layer, but
separating the effects of the shock from the effects of the boundary
layer is not possible at this point until the physics of their interac-
tion is better understood. For now, isolating the shock really means
isolating that portion of the shock that will produce the equivalent
wave-drag value. This complicates the separation of profile drag
from wave drag, but other studies12,15 prove this is within reason.
Therefore, even for the viscous cases, wake integration has been
shown to be a viable drag prediction method. More significantly,
wake integration still retains the benefits of drag decomposition.

Low-Mach preconditioning is also applied to the viscous subsonic
case and the results are tabulated and compared to the original case
in Table 4. Similar to the inviscid comparison, effects of low-Mach
preconditioning are not notably significant. Analysis of only the
surface information hardly yields any noticeable differences. The
wake data show minor differences but nothing suggests precondi-
tioning gives commandingly better results. As discussed before, the
effects of preconditioning on the flowfield solution are only fully
understood by examining the development of the drag downstream
of the wing through wake analysis techniques as illustrated in Figs. 9
and 10.

Design Test Cases
To further emphasize the utility of using wake integration to de-

compose the total drag, additional cases using a slightly modified
wing are analyzed for comparison to the baseline wing. The baseline
wing has a trailing edge with no sweep (�TE = 0 deg), and so the
leading edge is swept to fit the taper ratio. The modified wing has a
leading edge with no sweep (�LE = 0 deg); thus, the trailing edge is
swept to fit the same taper ratio. All other geometric parameters are
unchanged. The same flow conditions are maintained except only
viscous flows are used and the subsonic case will be limited to the
solution with low-Mach preconditioning. The modified wing will
also be different in that, because the trailing edge is now swept, grid
expansion downstream of the wing will be slightly different moving
from wing root to wing tip. This may have an adverse effect on
the wake-based, induced-drag analysis because the wing tip is now
additionally half a root chord distance farther upstream of any wake
integration station relative to the wing root.

Results between the baseline wing and the modified wing for sub-
sonic flow with preconditioning are summarized in Table 5. For the
lift coefficient, both surface integration and wake integration predict
a slightly lower lift value for the modified wing. This decrease in
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Table 5 Comparison of lift and drag coefficients between baseline
wing (ΛTE = 0 deg) and modified wing (ΛLE = 0 deg) for viscous,

subsonic case with low-Mach preconditioning (M∞ = 0.25)

Evaluation method �TE = 0 deg �LE = 0 deg

Lift: surface, Eq. (10) 0.322 0.318
Lift: wake, Eq. (11) 0.324 0.321
Drag: surface, Eq. (2) 0.0150 0.0151
Drag: wake, Eq. (12) 0.0153 0.0149

Induced 0.0046 0.0044
Total entropy (viscous) 0.0107 0.0105

Table 6 Comparison of lift and drag coefficients between
baseline wing (ΛTE = 0 deg) and modified wing (ΛLE = 0

deg) for viscous, transonic case (M∞ = 0.73)

Evaluation method �TE = 0 deg �LE = 0 deg

Lift: surface, Eq. (10) 0.413 0.405
Lift: wake, Eq. (11) 0.416 0.410
Drag: surface, Eq. (2) 0.0242 0.0255
Drag: wake, Eq. (12) 0.0246 0.0250

Induced 0.0075 0.0071
Total entropy 0.0171 0.0179

Wave 0.0055 0.0065
Viscous 0.0116 0.0114

the lift is also reflected in the slight drop in the induced drag for the
modified wing. Results for the modified wing are as consistent as
the baseline wing, and so the swept trailing edge apparently does
not have any noticeable adverse effects on the ability to evaluate the
induced drag-component.

For the transonic comparison, lift and drag coefficients are tab-
ulated in Table 6. Again for the modified wing, the lift coefficient
as predicted by both surface integration and wake integration has
slightly decreased compared to the baseline wing. The induced drag,
consequently, also decreases. By subtracting the wave drag from the
total entropy drag, the resultant viscous drag is relatively unchanged
between the two wings as expected. By isolating the shock and cal-
culating the wave drag, the source of the major drag difference
between the two wings can be ascertained.

According to surface integration, the total drag increase going
from the baseline wing to the modified wing is greater than that
predicted by wake integration. Unfortunately, surface integration
can offer no further clarification as to why the drag increases or
where the drag increase comes from. Whereas wake integration
shows less difference in the total drag between the two wings, it does
clearly show that the source for the drag increase can be traced to an
increase in the wave drag. This increase in wave drag is the result of
the stronger shock formation on the modified wing (�LE = 0 deg)
as compared to the baseline wing (�LE ≈ 11 deg).

Conclusions
The main objective of this paper is to verify the viability of us-

ing wake integration to predict the aerodynamic forces from three-
dimensional flow solutions. The advantage of wake integration over
the oft-used surface integration is that the former method greatly
simplifies the accounting needed to extract the lift and drag from
the flowfield. Although the meshes built for the case studies in this
paper are all composed of a single grid wrapped around a semispan
wing, this basic gridding method tends not to work for more realistic
configurations such as wings with pylon-mounted engines. These
configurations necessitate generating multiple grids for multiple sur-
faces with their inherently complex interactions. Such multiple-grid
configurations pose increased bookkeeping issues for surface inte-
gration but not necessarily for wake integration.

The second advantage of wake integration is that it provides more
details on the sources for drag. The general formulation for wake
integration can be broken down into components that correspond to
their physical sources. Such information can greatly help in mini-
mizing drag or understanding the design tradeoffs involved between
the various physical components of drag.

One significant result from this study is the apparent need to
utilize low-Mach preconditioning for the inviscid subsonic case.
Typically, a freestream Mach number of 0.25 does not warrant im-
plementing a preconditioning algorithm. Convergence under this
condition for a simple wing is usually not an issue, and there are
no distinguishing gains in the accuracy of the lift or drag values
based on surface integration. However, by looking at the drag de-
velopment in the wake, significant differences can be seen. With-
out low-Mach preconditioning, the solution field in the wake is
not fully converged to the proper state. This is reflected in the
rapid dropoff in the total drag. With low-Mach preconditioning,
the total drag becomes nearly constant as expected. Although pre-
conditioning effects are more noticeable for the inviscid case, im-
provements can still be observed for the viscous subsonic case
as well.

The viability of using wake integration was first established by
studying two-dimensional flows over single-element airfoils in sub-
sonic and transonic flows. Here results are presented for a three-
dimensional flow over a NACA 0012 wing. In all cases, the lift
coefficients predicted by surface integration and wake integration
are in excellent agreement. For the drag coefficients, good agree-
ments are still achieved between all integration methods. Just as
important, the results prove that drag decomposition using wake
integration is feasible.

The three-dimensional results obtained so far are very encourag-
ing. Future work will involve increasing the complexity incremen-
tally. This may entail increasing the complexity of the configuration
by using multiple overset grids. These so-called Chimera grids will
be initially used to cover a simple wing, but ultimately Chimera
grids will be used to simulate flows about wing–body configura-
tions. These complex cases will show how wake integration can
greatly simplify the postprocessing of the flow data as well as pro-
vide more information on the physical phenomena that govern the
flow problem.
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